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SISO Correlated Block-Fading Channel

X .. independent across blocks .. RX
| [ correlated | |

Sy by ... bl

Yt = \/SNRhtIEt+wt = (1,,T)

m [h1---hr]T ~CN(0,PPH)
B PecC™Q rankP=Q<T

m Channel gains in whitened form:

=P ||, $q ~ CN(0,1), iid across ¢
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Capacity

Yo b Y

Fundamental problem:
What is the ultimate limit on the rate of reliable communication over

the channel — capacity?

Shannon coding theorem:

<T

T
Dl
=1

C(snr) £ (1/T) o I({i}i {ye});  E

x

m Mutual information: I({x:};{y:}) = h({x}) — h({ze} | {y:})
m Differential Entropy: h({y:})



m AWGN Channel (hy = 1 Vt) [Shannon, 48]:

Cawen = log(1 + SNR)
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Capacity Pre-log

m AWGN Channel (hy = 1 Vt) [Shannon, 48]:
CaweN = log(l + SNR)
m Coherent setting with 7' =1 [Telatar, 99]:

Ceoh = Eplog(1 + SNR |h|?) &~ log(SNR), SNR — 00
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m Noncoherent setting, T'=1 [Lapidoth & Mozer, 03]:
Cheoh = loglog(SNR)

6/27



The Noncoherent Penalty

m Noncoherent setting, ' =1 [Lapidoth & Mozer, 03]:
Chcoh = loglog(SNR)
m Noncoherent setting, rank P = 1 [Marzetta & Hochwald, 99]:
Cheoh =~ (1 — 1/T) log(sNR)
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The Noncoherent Penalty

m Noncoherent setting, ' =1 [Lapidoth & Mozer, 03]:
Chcoh = loglog(SNR)
m Noncoherent setting, rank P = 1 [Marzetta & Hochwald, 99]:
Cheoh = (1 —1/T') log(SNR)
= Noncoherent setting, rank P = @ [Liang & Veeravalli, 04]:
Cheoh = (1 — Q/T) log(SNR)

X .. independent across blocks .. RX
VA L T .
| [ correlated | |
So(hy hy ... hel

Number of unknown channel parameters per block is () = rank P:

[h1 ha ...hy]T =Plsy 5o ...50]"

6
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Eliminating the Noncoherent Penalty
by Adding Receive Antennas (Only!)
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The Noncoherent Penalty in the SIMO Case

\ “'\, :‘/ i Y

ymt:\/SNRhmtl‘t-i-wmt (7’7’14:].,]\47 t:177T>

m Total number of unknown channel parameters is M (@)
m Is the pre-log then given by (1 — MQ/T)?

m No! We can use only one receive antenna to
get a pre-log of (1 —Q/T)

We can actually do better!
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1-1T 4
2(1-Q/T) +
1-Q/T 1
: R
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Main Result [VM et. al., 2012]

Under technical conditions on P,

xsimo = min[l — 1/T, R(1 — Q/T)]

1-1T 4

201-Q/7) |

1-Q/T |

Multiple antennas at the receiver can recover degrees of freedom
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Linear Algebra:
Guessing Pre-Log
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1 = hixy

U2 = hax
U3 = hzxs
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Coherent SISO Channel T'=3

U1 = hiay
U2 = hoxo
U3 = haxs

m 3 linear equations in 3 unknowns = unique solution
B = xsiso = 3/3 =1 [Telatar, 99|
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Noncoherent SISO Channel T'=3, Q) = 2

m] Lo = s
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Noncoherent SISO Channel T'=3, Q) = 2
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m 3 linear equations in 5 unknowns: 21, 22, 23, 51, S2
= infinitely many solutions
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Noncoherent SISO Channel T'=3, Q) = 2
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» Quadratic equations! Define z; = 1/xz;

m 3 linear equations in 5 unknowns: 21, 22, 23, 51, S2

= infinitely many solutions

m Transmit 2 pilot-symbols to eliminate ambiguity

:51

S9
= (51 + s2)

m 3 linear equations in 3 unknowns: z3, s1,s2 = unique solution
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Noncoherent SISO Channel T'=3, Q) = 2

h1 1 0 g1 = 5111 191 = 51
h2 =10 1 |:81:| g)g = S§2T9 1@2 = 59
S9 R R
hs 11 Ys = (-5‘1 + Sz)ws 2303 = (81 + $2)
~——
P
» Quadratic equations! Define z; = 1/xz;

3 linear equations in 5 unknowns: z1, 22, 23, 51, S2
= infinitely many solutions

Transmit 2 pilot-symbols to eliminate ambiguity
3 linear equations in 3 unknowns: zs, s1, so = unique solution
= xsiso =(3—2)/3=1/3=1—-Q/T [Liang & Veeravalli, 04]
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Noncoherent SIMO Channel (7" = 3,
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Equations for General P (T'=3, Q =2, M

Solution is unique iff B is full-rank

(p11 p2 0 0 0 0]
pe1 p22 0 0 g2 O
ps1op2 0 0 0 413

0 0 pi1 p2 0 O
0 0 p2a1 p2 Y2 O
L0 0 p31 p32 0 o3
B

S11
S12
S91
S22
—29

—23]

2)

16
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Vector Notations (T'=3, Q =2, M = 2)

Y11 51171 w11
Y12 51272 w12
1 511 + S12)T: w
yi3| _ SNR ( 12) 3 + 13
Y21 52171 w21
Y22 52212 w22
| Y23 ] | (s21 + s22)23] L w23 |
N—— N——
y y w

)

Il
—_ O =
e )

X = [.7}1 X9 $3]T

s = [s11 512 521 S22) "
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m Transmit ; ~ CN(0,1), i.i.d.
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m Transmit ; ~ CN(0,1), i.i.d.
m I(x;y) = h(y) = My [x)
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The Lower Bound (T'=3, Q =2, M = 2)
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m I(x;y) = h(y) = My [x)
® y is Gaussian conditioned on x = h(y|x) ~ 4log(SNR)
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h(y) = h(VENRY + w)
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The Lower Bound (T'=3, Q =2, M = 2)

m Transmit z; ~ CN(0,1), i.i.d.

m I(x;y) = h(y) = My [x)
® y is Gaussian conditioned on x = h(y|x) ~ 4log(SNR)

(VSNRY + w)
(VSNRY + w | w)
(Vsnry)
6log(SNR) + h(y)
—~~

finite?

|||\/||
o > >
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The Lower Bound (T'=3, Q =2, M = 2)

m Transmit z; ~ CN(0,1), i.i.d.
m I(x;y) = h(y) — h(y | x)> 6log(sSNR) — 410g(SNR) + ¢
® y is Gaussian conditioned on x = h(y|x) ~ 4log(SNR)

(VSNRY + w)
(VSNRY + w | w)
(Vsnry)
log(SNR) + h(y)
—~~

finite?

Y

h
h
h
6
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(VSNRY + w)
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(VSNRY)
log(SNR) + h(y)
——

finite?

Y

h
h
h
6

Xsimo > (6 —4)/3=2/3
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The Lower Bound (T'=3, Q =2, M = 2)

m Transmit z; ~ CN(0,1), i.i.d.
m I(x;y) = h(y) — h(y |x)> 6log(SNR) — 4log(SNR) + ¢
® y is Gaussian conditioned on x = h(y|x) ~ 4log(SNR)

(VSNRY + w)
(VSNRY + w | w)
(VSNRY)
log(SNR) + h(y)
——

finite?

v

h
h
h
6

Xsimo = (6 —4)/3=2/3>1/3 = xsiso
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51171
S122
(s11 + s12)73
52171

<>
Il

59212
| (21 + $22)23
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Is h(y) Finite? Change of Variables

S11T1
51222
(s11 + s12)3
5911

<>
I

5922
| (521 4 s22)x3

m h(y) > h(y|z1) (pilot-symbol in the noiseless case)

20 /27



Is h(y) Finite? Change of Variables

51121
51272
(511 + s12)73
52121

<>
I

S$22T2
| (s21 + s22)x3

m h(y) > h(y|z1) (pilot-symbol in the noiseless case)
m For fixed x1, the function y = (s, z2,x3) is a bijection
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Is h(y) Finite? Change of Variables

S1121
5122
(s11+ s12)73
5911

<>
Il

59292
| (s21 + s22)x3

m h(y) > h(y|z1) (pilot-symbol in the noiseless case)
m For fixed x1, the function y = (s, z2,x3) is a bijection

Change of Variables Lemma:

Jy

det 3(571‘2,@“3)

h’(y | 1'1) = h(s73327333 | 1171) + IEs,x IOg
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Is h(y) Finite? Change of Variables

51171
5122
(s11 + s12)73
52121

<>
Il

59292
| (s21 + s22)x3]

m h(y) > h(y|z1) (pilot-symbol in the noiseless case)
m For fixed x1, the function y = (s, z2,x3) is a bijection

Change of Variables Lemma:

X oy
h(y|ZL‘1) = h(S,l’Q,l‘g |J31) +2Es,x10g deta(s,w—};,fljg)
finite! ~~ Z
finite?
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m Factorize: % = Ji(x)Ja(s)J3(x)
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m Factorize: % = Ji(x)Ja(s)J3(x)

m Ji(x) and J3(x) are diagonal matrices
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Resolution of Singularities

How can we show that

Es x log |det 9y > —00?
(s, T2, 73)
= Factorize: m = Ji(x)J2(s)J3(x)

® Ji(x) and J3(x) are diagonal matrices

m det Ja2(s) is a homogeneous polynomial:

det Jo(As) = AP det Jo(s), VA e C
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Resolution of Singularities (Cont'd)

Polar coordinates: s — (r,0)

‘/ exp(—|s||?) log |det Jo(s)| ds
ChRQ

<‘/ exp(—||s]|*) log |det Jo(s/|s]|*)| ds
CRQ

+0(1)

S/Oooexp(—TQ)rgD_ldrx/A|log|f(9)\|d9+0(l)

where
= A =[0,7]?P~2 x [0,2n] is a compact set

m f is a real analytic function



Resolution of Singularities (Cont'd)

Hironaka's Theorem implies:
If f=£0 is a real analytic function, then

/ llog | £(8)]] d6 < oo.
A

Analytic \ Normal crossing
J) Sgw) = Sufr ufr ... uja

C

g

Proper
analytic

Manifold U

~



The Technical Condition on P: not Just Rank

P11 P12

P21 P22
. P31 P32
0 iff

1 # 0 0 pi1 p2

0 0 pa p p2

L0 0 p31 p32 0 p32

o O O
o O O

0
P21
8 is full-rank

0
0
P31
0
0
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The Technical Condition on

p11 pi2 O
p21 p22 O
0

. P31 D32
0 iff
FAEOT N 0 py

0 0 px
0 0 pax

P:

o O O

P12
D22
D32

not Just Rank

0
P21
0
0

p22
0

For T'=3, Q =2, M = 2 equivalent to:

Every two rows of P are linearly independent

OO:CSD o O

P32 ]

is full-rank
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The Technical Condition on P: not Just Rank

pi1 pz2 0O 0O O O
p1 p22 0 0 par O
f#£0iff pgl p(?)’? po po 8 pgl is full-rank
11 P12
0

0 0 pa p p2
L0 0 p31 p32 0 p3g]

For T'=3, Q =2, M = 2 equivalent to:
Every two rows of P are linearly independent
10

For example, P = |0 1| satisfies this condition
11
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Connection to Linear Algebra

0
0
L 0

p11
Dp21
P31

p12
Db22
P32

0
0
0

iff

0

0

0
P11

b21
Pp31

p11
b21

p31
0

0
| 0

0
0
0

P12
D22
D32

P12
D22

D32
0

0
0

0
p21
0
0

b22
0

0

0

0
P11
P21
b31

07
0
P31
0
0
P32
0
0
0
P12
P22
P32

is full-rank
0 07
0
0
0 O
0
0 1

= B is full-rank a.e.
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= MIMO
m Stationary Channel Model
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